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Abstract
The axial-vector mesons a1(1260), b1(1235), f1(1285), h1(1170), h1(1380), and K1(1270) are dynam-
ically generated in the unitized chiral perturbation theory. Such a picture has been tested extensively in the
past few years. In this work, we calculate the interaction kernel up to O(p2) and study the impact on the
dynamically generated axial-vector states. In anticipation of future lattice QCD simulations, we calculate
the scattering lengths and the pole positions as functions of the pion mass, with the light-quark mass depen-
dence of the kaon, the eta, and the vector mesons determined by the nf = 2+1 lattice QCD simulations of
the PACS-CS Collaboration.
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I. INTRODUCTION
Understanding the quark contents of hadrons has been at the forefront of nonperturbative strong
interaction physics. In the naive quark model, baryons are composed of three quarks or antiquarks,
and mesons consist of a pair of quark and antiquark. This picture works extremely well for most
hadrons discovered before 2000, except a few, such as the scalar nonet of the f0(500) [1] and the
Λ(1405) [2]. On the other hand, in the past decade many newly discovered resonances cannot
be easily accommodated by the naive quark model. Some of them clearly contain more than the
minimum number of valence quarks, such as the Zc(3900) [3, 4], while others may have compo-
nents of both qq¯ (qqq) and multi quark configurations. Although a vast amount of experimental
and theoretical studies have been performed to understand their nature, much more remain to be
done.
Even among the seemingly well established and understood hadrons, some of them may be
more complicated than originally thought. One such example is the lowest-lying axial-vector
mesons. It was shown in Refs. [5, 6] that the a1(1260), b1(1235), f1(1285), h1(1170), h1(1380),
and K1(1270) can be built from the interactions between the pseudoscalar octet of the pion and the
vector nonet of the ρ within the so-called unitized chiral perturbation theory (UChPT) approach
(see Refs. [7–15] for some early references). There are some technical differences between the
two approaches. In Ref. [5], both the K1(1270) and the K1(1400) are claimed to be dynamically
generated while in Ref. [6] the two poles found in the isospin 1/2 and strangeness 1 channel are
both claimed to be the K1(1270)–the so-called two-pole picture.1 Such a dynamical picture has
been put into test in many different scenarios, e.g., the two-pole structure of the K1(1270) [18],
their radiative decays [19–22], their large Nc behavior [23], the composite and elementary nature
of the a1(1260) [24] and its finite volume dependence [25]. All these studies suggest that the
axial-vector mesons contain large pseudoscalar meson-vector meson components.
It should be noted that the studies of Refs. [5, 6] are both based on the leading-order (LO)
chiral potentials. It is not clear whether the scenario of these states being dynamically generated
will change when higher order kernels are included. Given the fact that lately there have been
attempts to study these states on the lattice [26, 27], such a study is urgently needed. Recently it
has been shown in the DK sector that although inclusion of higher-order kernels do not change
qualitatively the conclusions, they do have impact on the quantitative description of the lattice
1 The two-pole scenario is also found for the Λ(1405) [14, 16], which seems to be a universal feature of all the studies
based on coupled channel chiral dynamics. See Ref. [17] for a recent review.
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chromodynamics (LQCD) data, more specifically, their dependence on the light-quark masses
(see, e.g., Ref. [28]). The main purpose of the present work is to include the contribution of the
next-to-leading order (NLO) chiral potentials, and to study their impact on the LO results and on
the light-quark mass dependence of the scattering lengths and the pole positions.
The paper is organized as follows. In Sec. 2, we briefly recall the basic framework of UChPT
in studies of the interactions between the pseudoscalar octet of the pion and the vector nonet of
the ρ, and introduce the NLO chiral potentials. We study their impact on the prediction of the
dynamically generated axial-vector mesons in Sec.3. In anticipation of future studies of these
resonances on the lattice, we calculate the scattering lengths of the pseudoscalar-vector meson
interactions and study their light-quark mass dependence in Sec. 4. The pole positions and their
light-quark mass dependence are studied in Sec. 5. A short summary is given in Sec.6.
II. THEORETICAL FRAMEWORK
UChPT has become an invaluable tool to study interactions between hadrons and has played
an important role in helping understand the nature of the many newly discovered resonances. At
the center of the UChPT is the kernel provided by chiral dynamics and a unitarization procedure.
Although chiral dynamics largely fix the form of the kernel, unitarization techniques differ. Nev-
ertheless, various unitarization techniques generally lead to similar results and only fine details
may differ. In both Refs. [5, 6], the Bethe-Salpeter equation approach was adopted to unitarize the
chiral kernel, which has the following schematic form:
T = V + V GT, (1)
where V is the kernel potential, T the scattering T -matrix, and G the one-loop scalar two-point
function.
A. LO chiral potentials
The LO amplitudes of pseudoscalar meson-vector meson interactions are calculated with the
following interaction Lagrangian [5, 6]:
LI = −1
4
Tr{(∇µVν −∇νVµ)(∇µV ν −∇νV µ)}, (2)
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where Tr means SU(3) trace and ∇µ is the covariant derivative defined as
∇µVν = ∂µVν + [Γµ, Vν], (3)
where [, ] stands for commutator and Γµ is the vector current
Γµ =
1
2
(u†∂µu+ u∂µu
†) (4)
with
u2 = U = ei
√
2
f
P . (5)
In the previous equations f is the pion decay constant in the chiral limit and P and V are the SU(3)
matrices containing the octet of pseudoscalar and the nonet of vector mesons, respectively,
P =


1√
2
π0 + 1√
6
η8 π
+ K+
π− − 1√
2
π0 + 1√
6
η8 K
0
K− K¯0 − 2√
6
η8

 , (6)
Vµ =


1√
2
ρ0 + 1√
2
ω ρ+ K∗+
ρ− − 1√
2
ρ0 + 1√
2
ω K∗0
K∗− K¯∗0 φ


µ
. (7)
The two-vector-two-pseudoscalar amplitudes can be obtained by expanding the Lagrangian of
Eq. (2) up to two pseudoscalar meson fields:
LV V PP = − 1
4f 2
Tr([V µ, ∂νVµ][P, ∂νP ]), (8)
which is the so-called Weinberg-Tomozawa interaction for the V P → V P process. In the pseu-
doscalar octet we assume η8 ≡ η. In the vector meson multiplet ideal ω1–ω8 mixing is assumed:
φ = ω1/
√
3− ω8
√
2/3, ω = ω1
√
2/3 + ω8/
√
3. (9)
Throughout the work, the following phase convention is used: |π+〉 = −|1 + 1〉,|ρ+〉 = −|1 + 1〉,
|K−〉 = −|1/2− 1/2〉 and |K∗−〉 = −|1/2− 1/2〉 , corresponding to |II3〉 isospin states.
From the Lagrangian of Eq. (8) one obtains the S-wave amplitude:
Vij(s) = −ǫ · ǫ
′
8f 2
Cij [3s− (M2 +m2 +M ′2 +m′2)− 1
s
(M2 −m2)(M ′2 −m′2)], (10)
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where the ǫ (ǫ′) stands for the polarization four-vector of the incoming (outgoing) vector meson.
The masses M (M ′), m (m′) correspond to the initial (final) vector mesons and initial (final)
pseudoscalar mesons, respectively. The indices i and j represent the initial and final V P states,
respectively. The Cij coefficients for V P coupled channels in the (S, I) = (1, 1/2), (0, 0), and
(0, 1) sectors can be found in Ref. [6], where S denotes strangeness and I represents isospin.
B. NLO chiral potentials
The chiral Lagrangians relevant to the present study up to chiral order O(p2) and with just one
trace in flavor space (leading order in the large Nc expansion) has the following form [29]:
L(2)V V =
1
2
δ1TR(VµV µuνuν) +
1
2
δ2Tr(VµuνV µuν)
+
1
2
δ3Tr(VµVνuµuν) +
1
2
δ4Tr(VµVνuνuµ)
+
1
2
δ5Tr(VµuµVνuν + VµuνV νuµ)
+
1
2
κV Tr(VµV µχ+)
, (11)
where uµ = i{u†∂µu− u∂µu†} and χ± = u†χu† ± uχ†u with χ =diag(m2pi, m2pi, 2m2K −m2pi).
In Eq. (11) the low-energy constant (LEC) κV is readily determined from the K∗–ρ mass split-
ting:
κV =
M2K∗ −M2ρ
2(m2K −m2pi)
. (12)
The NLO chiral potentials, after projection into S-wave, are
V NLO =
[
δ1D
(1)
ij + δ2D
(2)
ij
f 2
EPEP ′ +
κV
2f 2
D
(3)
ij
]
ǫ · ǫ′, (13)
where EP and EP ′ are the energy of the initial and final pseudoscalar mesons, and D(1,2,3)ij are the
corresponding Clebsch-Gordan coefficients and are tabulated in the appendix.
C. Unitarization
The unitarized amplitude obtained from the Bethe-Salpeter approach [6] is:
T = [1 + V Gˆ]−1(−V )~ǫ · ~ǫ′, (14)
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where ~ǫ (~ǫ′) is the spatial polarization vector of the initial (final) vector meson, and Gˆ = G(1 +
1
3
q2
l
M2
l
) is a diagonal matrix with the l–th element, Gl being the two-meson loop function containing
a vector and a pseudoscalar meson:
Gl(
√
s) = i
∫
d4q
(2π)4
1
(P − q)2 −M2l + iǫ
1
q2 −m2l + iǫ
(15)
with P the total incident momentum, which is (
√
s, 0, 0, 0) in the center of mass frame. In the
dimensional regularization scheme the loop function reads as
Gl(
√
s) =
1
16pi2
{a(µ) + lnM
2
l
µ2
+
m2l −M2l + s
2s
ln
m2l
M2l
+
ql√
s
[ln(s− (M2l −m2l ) + 2ql
√
s) + ln(s+ (M2l −m2l ) + 2ql
√
s)
− ln(s− (M2l −m2l )− 2ql
√
s)− ln(s + (M2l −m2l )− 2ql
√
s)− 2pii]},
(16)
where µ is the dimensional regularization scale. Changes in the scale are reabsorbed in the sub-
traction constant a(µ), so that the results remain scale independent. In Eq. (16), ql denotes the
three-momentum of the vector or pseudoscalar meson in the center of mass frame and is given by:
ql =
1
2
√
s
√
[s− (Ml +ml)2][s− (Ml −ml)2], (17)
where Ml and ml are the masses of the vector and pseudoscalar mesons, respectively.
In Ref. [28], the power-counting issue related to the regularization of the loop function Gl
[Eq. (15)] was discussed. It was found that the usual treatment as done in Eq. (16) is reasonable
by assuming that a(µ) is in fact a O(p) quantity in order to ensure that Gl is of O(p). The on-
shell approximation adopted in the present work is carefully examined in Ref. [30], where special
attention is paid to its influence on the light-quark mass dependence of the scattering lengths and
the pole positions. It is shown that results obtained from the on-shell approximation can be trusted
at least for quantities not far away from their respective threshold.
III. RESULTS AND DISCUSSION
In this section, we study the impact of the NLO chiral potentials on the dynamically generated
axial-vector mesons. In anticipation of future LQCD simulations, we further calculate the scatter-
ing lengths and the pole positions as functions of the light-quark masses. As in Ref. [6], we fix
f = 92 MeV, a = −1.85, and µ = 900 MeV. The isospin averaged physical pseudoscalar and
vector meson masses are taken from Ref. [31].
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A. Impact of NLO potentials
At O(p2), there are six additional LECs. As mentioned earlier, the LEC κV can be fixed
from the ρ-K∗ mass splitting. In addition, the contributions proportional to the LECs δ3,4,5 are
suppressed compared to those proportional to δ1 and δ2. Indeed, the δ3, δ4, and δ5 terms vanish
in the MV → ∞ limit, where MV is a generic vector meson mass.2 Therefore, we only take into
account the terms proportional to δ1 and δ2 and study their effects on the dynamically generated
axial-vector mesons.
Since our primary purpose is to check whether the conclusions of Refs. [5, 6] are stable against
the inclusion of the NLO chiral potentials as kernels in the Bethe-Salpeter equation, we decide
to vary the LECs δ1 and δ2 between −1 and 1, assuming that they are of natural size, and then
check whether the axial-vector mesons can still be dynamically generated. Indeed, we find that
the dynamical generation of the axial vector mesons does not depend sensitively on the values of
the LECs δ1 and δ2.
In Fig. 1, we compare the experimental masses of the axial vector mesons with those obtained
from the UChPT with the LO kernel and the NLO kernel. The LECs δ1 and δ2 are fixed at 1.0
and 0.2, respectively. These values are chosen to yield an overall good agreement between the
experimental and theoretical masses. It is clear that the mass degeneracy breaking term in the
NLO kernel alone deteriorates the LO results. The inclusion of the δ1 and δ2 terms can improve
the description, but not much. The overall agreement with the experimental masses is similar to
the LO results.
In Tables I, II, and III, we tabulate the pole positions and their respective couplings to each
channel. The couplings are obtained from the residues of the T matrix elements at the pole position
s0, i.e.,
Tij =
gigj
s− s0 . (18)
It can be seen that the couplings obtained with the LO and NLO kernels are similar to each other.
B. Scattering lengths of pseudoscalar mesons and vector mesons
Scattering lengths provide vital information on the nature of hadron-hadron interactions at
threshold and can show a first hint on whether the interaction is strong enough to form shal-
2 For a related discussion in the heavy-light meson sector, see Ref. [28].
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TABLE I. Pole positions and couplings in the (S, I) = (1, 1/2) channel
K1(1270)
LO NLO LO NLO
√
s 1111 − i64 1119 − i68 1215 − i4 1216 − i5
φK 1584 − i873 2148 − i593 1095 − i401 1867 − i505
ωK −1858 + i649 −2434 + i1063 −1031 + i375 −462 + i605
ρK −1522 + i1155 −1121 + i1311 5268 + i298 5365 + i317
K∗η 27 + i156 −107 + i382 3454 − i93 4964 − i147
K∗pi 4186 − i2098 4352 − i2075 339 − i984 391 − i1197
TABLE II. Pole positions and couplings in the (S, I) = (0, 0) channel
h1(1170) h1(1380) f1(1285)
LO NLO LO NLO LO NLO
√
s 918 − i17 925− i29 1244 − i7 1257 − i0 1286 − i0 1289 − i0
1√
2
(K¯∗K +K∗K¯) ... ... ... ... 7219 + i0 7884 + i0
φη −46 + i13 69− i102 −3309 + i47 −5963− i38 ... ...
ωη −24 + i28 711 − i427 3019 − i22 2642 − i47 ... ...
ρpi 3452 − i1681 3576 − i1909 650 − i961 134 − i233 ... ...
1√
2
(K¯∗K −K∗K¯) −784 + i499 −1488 + i757 6137 + i183 6435 + i35 ... ...
low bound states and resonances. On the lattice, the scattering lengths can be easily calculated
and their light-quark mass dependences prove to be of great value to unravel the nature of the
underlying interactions. Recently, several studies have shown that by fitting to the LQCD data
on the scattering lengths of the pseudoscalar mesons off the D mesons, the UChPT can generate
dynamically the D∗s0(2317) without a priori assumption of its existence [28, 32]. Such studies
demonstrate that a lot can be accomplished by combining first-principles LQCD simulations with
effective field theories, such as the UChPT.
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TABLE III. Pole positions and couplings in the (S, I) = (0, 1) channel
a1(1260) b1(1235)
LO NLO LO NLO
√
s 1011 − i84 1013 − i106 1246 − i27 1293 − i22
1√
2
(K¯∗K +K∗K¯) ... ... 6159 − i75 5501 − i38
φpi ... ... 2085 − i384 2898 − i480
ωpi ... ... −1867 + i299 −111 − i77
ρη ... ... −3040 + i496 −2458 + i345
ρpi 3794 − i2328 3931 − i2794 ... ...
1√
2
(K¯∗K −K∗K¯) −1875 + i1485 −2649 + 1928 ... ...
The scattering lengths of channel i with strangeness S and isospin I are related to the diagonal
T -matrix elements Tii in the following way:
a
(S,I)
i = −
1
8π(M1 +m2)
T
(S,I)
ii (s = (M1 +m2)
2), (19)
where M1 and m2 are the masses of the vector meson and the pseudoscalar meson of channel
i. Since our aim is to study the light-quark mass dependence of the scattering lengths, we need
to know the light-quark mass dependence of the pseudoscalar mesons and the vector mesons.
One can turn to LQCD simulations for the relevant information. Here we use the recent nf =
2+1 results of the PACS-CS Collaboration performed with the nonperturbativelyO(a)-improved
Wilson quark action and the Iwasaki gauge action [33]. From the simulated pion and kaon masses,
one obtains the following relation [34]:
m2K = a+ bm
2
pi, (20)
where a = 0.291751GeV2 and b = 0.670652. In our present work, we use the LO ChPT to relate
the eta meson mass to those of the kaon and the pion, i.e.,
m2η =
4m2K −m2pi
3
. (21)
The vector meson masses up to O(p2) can be calculated from the following Lagrangian:
LV V = 1
2
M20Tr(V
µVµ) +
λm
2
Tr(VµV µχ+) +
λ0
4
Tr(VµV µ)Tr(χ+), (22)
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FIG. 1. The experimental axial-vector masses [31] in comparison with the corresponding UChPT results.
The LO, NLO-6th, and NLO numbers denote the masses obtained from the LO kernel, the NLO kernel
containing only the κV term, and the complete NLO kernel. The error bars denote the uncertainties of the
experimental masses while the shaded bands indicate the experimental widths. For the K1(1260), only the
high-energy pole, coupling mainly to ρK, is shown.
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yielding
M2ρ = M
2
0 + 2λmm
2
pi + λ0(2m
2
K +m
2
pi),
M2K∗ = M
2
0 + 2λmm
2
K + λ0(2m
2
K +m
2
pi),
M2φ = M
2
0 + 4λmm
2
K − 2λmm2pi + λ0(2m2K +m2pi),
M2ω = M
2
0 + 2λmm
2
pi + λ0(2m
2
K +m
2
pi). (23)
Performing a least-of-squares fit to the PACS-CS data [33], the chiral limit vector meson mass M0,
and the LECs λm and λ0 are determined to be
M0 = 0.711964GeV, λm = 0.48901, λ0 = 0.126032, (24)
with a χ2/d.o.f. = 0.723.3 We notice that the λm determined from fitting the PACS-CS data is
only slightly different from the κV determined using the physical K∗-ρ mass difference, which is
0.434.
In Fig. 2, we show the scattering length of the dominant channels (determined by the couplings
tabulated in Tables I, II, and III) in each isospin, strangeness, and G parity sector as a function
of the pion mass, with the strangeness quark mass fixed at its physical value using the LO ChPT
and the vector meson masses given by Eqs. (23). The difference between the results obtained with
the LO kernel and the NLO kernel indicates inherent theoretical uncertainty. Interestingly, we
notice that the aρpi shows some “threshold” effects in the h1 channel and in the a1 channel. Such
threshold effects can be easily understood from Eq. (18) and Fig. 3. When one varies the light
quark masses, as routinely done in LQCD simulations, a bound state for a certain channel can
become a resonance for that chanel, i.e., the trajectory of the threshold crosses the pole trajectory,
as shown in Fig. 3. If this happens, one can immediately see that for s approaching s0 from below,
a → ∞, while just above s0, a → −∞. In performing LQCD simulations of scattering lengths,
one needs to be aware of such a scenario.
In principle, one can compare directly the scattering lengths at unphysical light-quark masses
with those obtained from a LQCD simulation. For instance, in Ref. [27], the scattering length of ρ
and π mesons, aρpi , is found to be 0.62(28) at a pion mass of 266 MeV. In our case, the aρpi is much
larger at the order of 10, as can be seen from Fig. 2. Such a comparison needs to be taken with
caution, however. First, the LQCD simulations are performed with nf = 2 configurations. But
3 Fitting the LQCD vector meson masses together with their experimental counterpart yields very similar results and
has no appreciable effect on the results shown below.
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more importantly, the threshold effects can make such a comparison around the “threshold” region
unreliable, because these effects depend sensitively on the particular light-quark mass dependence
pattern of the masses of the building blocks, in the present work, those of the pseudoscalar and
vector mesons. This may or may not be realized for a particular LQCD simulation. This being
said, for resonances consisting of large hadron-hadron components, one may need to study the
related scattering lengths carefully in order to not misinterpret the data in case that such a scenario
happens.
C. Light-quark mass dependence of the pole positions
Because LQCD simulations are generally performed with larger than physical light-quark
masses, the so-obtained resonance properties are not those of the physical world. It is of great
importance to have a reliable approach to perform the necessary chiral extrapolations. In addition,
the light-quark mass dependence of the pole positions can yield valuable information on the nature
of the resonances, as have been argued in a number of previous studies [35, 36].
In Fig. 3, the real parts of the pole positions corresponding to the two K1(1270) states, the
a1(1260), the b1(1235), the f1(1285), the h1(1170), and the h1(1380) are shown as functions
of the pion mass. It is interesting to note that all the states exist in the range of mpi till 700
MeV and thus LQCD simulations should have no problem in identifying them even at unphysical
light-quark masses. In addition, the two K1(1270) states persist and remain well separated, thus
allowing for the possibility of being identified on the lattice. We notice that recently a strategy has
been proposed to extract the two-pole structure of the Λ(1405) from LQCD simulations in a finite
box[37]. Such a strategy may also be employed to study the two-pole structure of the K1(1270)
on the lattice.
In Fig. 4, the imaginary parts of the pole positions are shown. It is clear that as the light-quark
mass becomes large, these axial-vector mesons become bound. While as the pion mass decreases,
even still two times larger than its physical value, they already become a resonance. Therefore,
to obtain reliable results, LQCD simulations at small light-quark masses may need to take into
account coupled channel effects and final state interactions explicitly, among others. Such studies
are very demanding both numerically and theoretically. Nevertheless encouraging attempts have
been seen recently.
Finally, we should mention that the vector mesons have finite widths, particularly, those of the
12
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FIG. 2. Scattering lengths in the dominant channels of each isospin, strangeness, and G parity (S, I(G))
sector.
K∗ and the ρ. We have checked that including the widths as suggested in Ref. [18] does not change
qualitatively the obtained pole positions and couplings. On the other hand, we have no information
on how the widths change with varying light quark masses and therefore cannot incorporate the
widths into our studies of the scattering lengths and the pole positions without making further
assumptions. We will leave such a study to a future work.
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FIG. 3. Real part of the pole positions, Re√s0, as a function ofmpi . The dashed lines indicate the thresholds
of the corresponding coupled channels, respectively.
IV. SUMMARY
In this work, we have studied the effects of the next-to-leading order chiral potential on the
dynamically generated axial vector mesons. We found that the inclusion of the higher-order kernel
does not change the results obtained with the leading-order kernel in any significant way, and
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FIG. 4. Imaginary part of the pole positions, Im√s0, as a function of mpi .
thus lend more confidence on the dynamical picture. In anticipation of future LQCD simulations
of these resonances, utilizing the PACS-CS simulations of the pseudoscalar and vector mesons
masses, we have calculated the scattering lengths and the pole positions as functions of the pion
mass. These results, when contrasted with future LQCD simulations, may provide a clue on the
true nature of the axial-vector mesons.
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We have shown that when the masses of the pseudoscalar and the vector mesons vary with the
light-quark masses, one may observe threshold like effects in the related scattering lengths. Future
LQCD simulations may need to be carefully analyzed and should not be misinterpreted if such a
scenario is realized.
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VI. APPENDIX
In this section, we tabulate the Clebsch-Gordan coefficients D(1,2,3)ij appearing In the NLO
chiral potentials [Eq. (13)] for (S, I) = (1, 1/2), (0, 0), and (0, 1).
TABLE IV. D(1)ij of Eq. (13) for (S, I) = (1, 12 ).
φK ωK ρK K∗η K∗pi
φK 2 0 0 − 1√
6
√
3
2
ωK 0 1 −√3 − 1
2
√
3
√
3
2
ρK 0 −√3 1 12 12
K∗η − 1√
6
− 1
2
√
3
1
2
5
3 1
K∗pi
√
3
2
√
3
2
1
2 1 1
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√
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